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Abstract
A graph is one-regular if its automorphism group acts freely and transitively on the set of its
arcs. In this paper, an in nite family of cubic one-regular graphs with unsolvable automorphism
groups is constructed.
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1. Introduction
Throughout this paper, we consider a  nite connected graph without loops or mul-
tiple edges. For a graph X , every edge of X gives rise to a pair of opposite arcs. By
V (X ), E(X ); A(X ) and Aut(X ); we denote the vertex set, the edge set, the arc set and
the automorphism group, respectively. Let G be a  nite group and S a subset of G
such that 1 ∈ S and S = S−1. The Cayley graph X = Cay(G; S) on G with respect to
S is de ned to have vertex set V (X ) = G and edge set E(X ) = {(g; sg) | g∈G; s∈ S}.
By de nition, Cay(G; S) is connected if and only if S generates G.
A graph X is said to be vertex-transitive, edge-transitive, and arc-transitive if
Aut(X ) is transitive on the sets V (X ), E(X ) and A(X ), respectively, and half-transitive
if X is vertex-transitive, edge-transitive, but not arc-transitive. A graph X is said to be
one-regular if Aut(X ) acts freely and transitively (i.e., regularly) on the set of arcs.
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The  rst cubic one-regular graph was constructed by Frucht [5] in 1952. In [11],
Miller constructed an in nite family of cubic one-regular Cayley graphs of dihedral
groups D2p, where p is a prime congruent to 1 modulo 3. This construction was gen-
eralized by MaruJsiJc and Pisanski [9] to graphs of order 2n, where n is an odd number
satisfying that 3 divides the Euler function of n, as a part of the classi cation of all
cubic arc-transitive Cayley graphs of dihedral groups and their connection to certain
concepts, such as chirality of molecular graphs in chemistry. Also, MaruJsiJc and Xu
[10] showed a way to construct a cubic one-regular graph from a half-transitive graph
of valency 4 with girth 3. By their method, one can construct in nitely many cubic
one-regular graphs from half-transitive graphs of valency 4 with girth 3, which were
constructed by Alspach et al. in [1] and by MaruJsiJc in [7]. Another in nite family
of half-transitive graphs of valency 4 with girth 3 was constructed by MaruJsiJc and
Nedela in [8]. On the other hand, the concept of one-regular graph has been dealt with
in the context of in nite graphs (see [6] for example). However, all of these cubic
one-regular graphs mentioned above have solvable automorphism groups. Conder and
Praeger [2] constructed two in nite families of cubic one-regular graphs with alternat-
ing and symmetric groups as the automorphism groups. (The paper was later published
in [3], but without these two families.) Recently, Fang et al. [4] constructed an in -
nite family of cubic one-regular Cayley graphs on Ree simple groups by showing the
following theorem: If a  nite nonabelian simple group G is generated by an involution
a and an element b of order 3 such that b and b−1 are not conjugate in Aut(G), then
Cay(G; {a; ab; ab2}) is a cubic one-regular graph. In this paper, we construct an in nite
family of cubic one-regular Cayley graphs on alternating groups, which satisfy the hy-
potheses of Fang’s theorem except the following one: b and b−1 are not conjugate in
Aut(G).
2. A construction
Let a permutation group G be transitive on a set . A nonempty subset  of  is
called a block for G if for each g∈G either g =  or g ∩ = , and G is said to
be primitive if G has no block B such that 1¡ |B|¡ ||. The following proposition
is due to Jordan.
Proposition 2.1 (Wielandt [13, Theorem 13.9]). Let p be a prime and G a primitive
group of degree n = p + k with k¿ 3. If G contains an element of degree p and
order p, then G is either alternating or symmetric.
Let n= 4k + 3¿ 11: If k is even, say k = 2‘ (‘¿ 1) so that n= 8‘ + 3, we set
a=
4‘−1∏
i=0
(2i + 1 2i + 2);
b=
(
‘−1∏
i=0
(8i + 1 8i + 3 8i + 5)(8i + 6 8i + 8 8i + 10)
)
(8‘ − 1 8‘ + 1 8‘ + 3);
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as permutations in the symmetric group S8‘+3: If k is odd, say k = 2‘ + 1 (‘¿ 1) so
that n= 8‘ + 7, we set
a=
4‘+1∏
i=0
(2i + 1 2i + 2);
b=
(
‘−1∏
i=0
(8i + 1 8i + 3 8i + 5)(8i+6 8i+8 8i+10)
)
(8‘+1 8‘+3 8‘+5)
(8‘ + 4 8‘ + 6 8‘ + 7);
as permutations in the symmetric group S8‘+7: In both cases, ab and ab
2
are conjugate
in the automorphism group Aut(An) ∼= Sn of the alternating group An of degree n.
Theorem 2.2. Let n = 4k + 3¿ 48 with (k; 5) = 1 and let S = {a; ab; ab2}. Then,
the Cayley graph Cay(An; S) is cubic and one-regular. Its automorphism group is
isomorphic to AnoZ3.
Proof. Let k and n be two integers satisfying n = 4k + 3¿ 48 and (k; 5) = 1: Let
i1; i2; : : : ; i‘; j1; j2; : : : ; jm; k1; k2; : : : ; kt be distinct elements in the set n = {1; 2; : : : ; n},
and let x=(j1 j2 · · · jm) be a cycle permutation with the  rst entry j1 distinguished. By
(i1 i2 · · · i‘ x k1 k2 · · · kt); we denote the cycle permutation (i1 i2 · · · i‘ j1 j2 · · · jm
k1 k2 · · · kt) on n. First, we aim to prove that the generated group G = 〈a; ab; ab2〉
is alternating.
Case I: k is even.
Let k = 2‘ with ‘¿ 1. Then, n= 8‘ + 3. Recall that
a= (1 2)(3 4) · · · (8‘ − 7 8‘ − 6)(8‘ − 5 8‘ − 4)(8‘ − 3 8‘ − 2)(8‘ − 1 8‘);
b= (1 3 5)(6 8 10)(9 11 13) · · · (8i + 1 8i + 3 8i + 5)(8i + 6 8i + 8 8i + 10)
· · · (8‘ − 2 8‘ 8‘ + 2)(8‘ − 1 8‘ + 1 8‘ + 3):
Use an induction on ‘ to claim that
ab
2
ab = (1 5 e 10 2 f)(8‘ − 2 8‘ + 3)(8‘ − 1) (1)
for some cycle permutations e and f on the set 8‘+3 (with their  rst entries distin-
guished), in which the numbers appearing are exactly the elements in the set 8‘+3\
{1; 5; 10; 2; 8‘ − 2; 8‘ + 3; 8‘ − 1}.
If ‘=1; then ab
2
ab=(1 5 3 9 10 2 4 8)(6 11)(7) and the claim is satis ed. Let ‘¿ 1
and set a1=(1 2)(3 4)(5 6)(7 8), a2=(9 10)(11 12) · · · (8‘−1 8‘), b1=(1 3 5)(6 8 10)
and b2 = (9 11 13)(14 16 18) · · · (8‘ − 2 8‘ 8‘ + 2)(8‘ − 1 8‘ + 1 8‘ + 3). Then,
a1a2 = a2a1 = a, b1b2 = b2b1 = b, a1b2 = b2a1 and
a2b1 = (9 10)(11 12) · · · (8‘ − 1 8‘)(1 3 5)(6 8 10) = (1 3 5)(6 8 9)a2:
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It follows that ab= a1a2b1b2 = a1(1 3 5)(6 8 9)a2b2 and
(ab)2 = a1(1 3 5)(6 8 9)a2b2a1(1 3 5)(6 8 9)a2b2
= a1(1 3 5)(6 8 9)a2a1(1 3 5)(6 8 13)b2a2b2
= a1(1 3 5)(6 8 9)a1(1 3 5)(6 8 14)(a2b2)2:
Similarly,
b(ab)2 = b1a1(1 3 5)(6 8 13)a1(1 3 5)(6 8 18)b2(a2b2)2
= (1 5 3 7 13)(2 4 8 10)(6 18)b2(a2b2)2:
Noting that ab
2
ab= b−2ab2b−1ab= b(ab)2, we may assume as an induction hypothesis
that
b2(a2b2)2 = (9 13 e′ 18 10 f′)(8‘ − 2 8‘ + 3)(8‘ − 1);
where e′ and f′ are cycle permutations on 8‘+3\{1; 2; 3; 4; 5; 6; 7; 8} (with their  rst
entries distinguished) in which the numbers appearing are exactly the elements in
8‘+3\{1; 2; 3; 4; 5; 6; 7; 8; 9; 13; 18; 10; 8‘ − 2; 8‘ + 3; 8‘ − 1}. Now, one can see that
ab
2
ab = b(ab)2 = (1 5 3 7 13)(2 4 8 10)(6 18)(9 13 e′ 18 10 f′)
(8‘ − 2 8‘ + 3)(8‘ − 1)
= (1 5 3 7 e′ 18 6 10 2 4 8 f′ 9 13)(8‘ − 2 8‘ + 3)(8‘ − 1)
= (1 5 e 10 2 f)(8‘ − 2 8‘ + 3)(8‘ − 1);
where e = (3 7 e′ 18 6) and f = (4 8 f′ 9 13) are two cycles on 8‘+3 (with their
 rst entries distinguished). And, the numbers appearing are exactly the elements in
8‘+3\{1; 5; 10; 2; 8‘− 2; 8‘+ 3; 8‘− 1}. Consequently, our claim with Eq. (1) is true
for any ‘¿ 1.
As the second step, one may see that for ‘ = 1,
aab
2
abab
2
= (3 8 7 4 9)(5 6 10)(1)(2)(11): (2)
For ‘¿ 1, we also use an induction on ‘ to show that
aab
2
abab
2
= (3 e 6 f 9 5)(8‘ − 5 8‘ 8‘ − 1 8‘ − 4 8‘ + 1)(1)(2)(8‘ + 3) (3)
for some cycle permutations e and f on 8‘+3 (with their  rst entries distinguished),
in which the numbers appearing are exactly the elements in 8‘+3\{1; 2; 3; 5; 6; 9; 8‘−
5; 8‘ − 4; 8‘ − 1; 8‘; 8‘ + 1; 8‘ + 3}. It is true for ‘ = 2 because
aab
2
abab
2
= (3 13 14 4 6 10 8 18 7 9 5)(11 16 15 12 17)(1)(2)(19)
in this case. Assume that ‘¿ 2. By a similar computing as in the proof of the  rst
claim with Eq. (1), we have
ab
2
= (1 4)(2 5)(6 7)(3 13 8 10)ab
2
2
2 ;
(ab)3 = (1 4 7 9 2 5 17 6 3 8 14)(a2b2)3;
(ab)3ab
2
= (1)(2)(3 17 7 9 5)(4 6 10 8 14)(a2b2)3a
b22
2 :
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Note that aab
2
abab
2
=(ab)3ab
2
. By induction on ‘, one may show that the second claim
with Eq. (3) is true for every ‘¿ 1.
Noting that a; ab
2
ab; aab
2
abab
2 ∈G= 〈a; ab; ab2〉, with Eqs. (1)–(3) one can show that
G is transitive on the set 8‘+3. To show the primitivity of G, let  be a block
of G with ||¿ 1 and let 8‘ − 1∈. If 8‘ − 2 ∈ , then (1) implies that 8‘+3\
{8‘ − 2; 8‘ + 3} ⊆ . Since || is a divisor of |8‘+3|, we get  = 8‘+3. As the
other case, let 8‘−2∈. Then, 8‘+3∈ by Eq. (1). Since a  xes 8‘+3, it follows
that 8‘ − 3∈ and again by (1),  = 8‘+3. Hence, G is primitive on 8‘+3. From
the fact that (k; 5) = 1 implies (8‘ − 5; 5) = 1 and Eqs. (2) and (3), one can show
that (aab
2
abab
2
)8‘−5 is a cycle of length 5. Hence, by Proposition 2.1, G = A8‘+3, as
required.
Case II: k is odd.
Let k = 2‘ + 1 with ‘¿ 1, so that n= 8‘ + 7. In this case, we have
a= (1 2)(3 4)(5 6)(7 8) · · · (8‘ − 1 8‘)(8‘ + 1 8‘ + 2)(8‘ + 3 8‘ + 4);
b= (1 3 5)(6 8 10)(9 11 13) · · · (8i + 1 8i + 3 8i + 5)(8i + 6 8i + 8 8i + 10)
· · · (8‘ + 1 8‘ + 3 8‘ + 5)(8‘ + 4 8‘ + 6 8‘ + 7):
If ‘ = 1, then
ab
2
ab = (1 5 3 7 11 6 10 2 4 8 14 13)(9 15)(12);
aab
2
abab
2
= (3 13 4 6 10 9 5)(7 14 8 11 12)(1)(2)(15):
By induction, one may obtain the following equations: For every ‘¿ 1;
ab
2
ab = (1 5 e 10 2 f)(8‘ + 1 8‘ + 7)(8‘ + 4);
aab
2
abab
2
= (3 g 6 h 9 5)(8‘ − 1 8‘ + 6 8‘ 8‘ + 3 8‘ + 4)(1)(2)(8‘ + 7);
where e, f, g and h are cycle permutations (with their  rst entries distinguished) such
that the numbers appearing in e and f are exactly the elements in 8‘+7\{1; 5; 10; 2;
8‘+1; 8‘+7; 8‘+4} and the numbers appearing in g and h are exactly the elements
in 8‘+7\{1; 2; 3; 6; 9; 5; 8‘−1; 8‘+6; 8‘; 8‘+3; 8‘+4; 8‘+7}. By an argument similar
to Case I, one can have G = A8‘+7.
Now, we are ready to end up the proof. Note that n = 4k + 3¿ 48 and (k; 5) = 1.
By Cases I and II, we have An = 〈a; ab; ab2〉 and so X = Cay(An; S) is connected,
where S = {a; ab; ab2}. For convenience, we identify An with its right regular repre-
sentation. Then, An6Aut(X ). Since b induces an automorphism of An by conjugate
and it permutes cyclically the elements of S, X is arc-transitive. It is well known that
for the stabilizer Aut(X )1 of the identity in Aut(X ), |Aut(X )1| is a divisor of 48 (see
[12]). Thus, |Aut(X ) : An|6 48. Now, we claim An / Aut(X ). If not, Aut(X ) would
have a faithful permutation representation of degree 48 acting on the set of cosets of
An in Aut(X ) because of the simplicity of An. This implies that Aut(X ) has order
at most 48!. On the other hand, since An is not normal in Aut(X ) and n¿ 48 we
have |Aut(X )|¿ 3|An|¿ 48!, a contradiction. Thus, An /Aut(X ). By Xu [14, Proposi-
tions 1.3 and 1.5], we have Aut(X )=AnoAut(An; S) and Aut(X )1=Aut(An; S), where
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Aut(An; S)={!∈Aut(An)|S!=S}. To prove the one-regularity of X , it suPces to prove
that |Aut(X )1| = |Aut(An; S)| = 3 because of the arc-transitivity of X . Suppose to the
contrary that |Aut(X )1|¿ 3. Then, there exists an automorphism "∈Aut(An; S) such
that "  xes a and interchanges ab and ab
2
. Recall that " can be induced by a conjugate
of some element in the symmetric group Sn. If k=2‘; then "  xes {8‘+1; 8‘+2; 8‘+3}
setwise because "  xes a. In this case, ab contains a transposition, that is (8‘+1 8‘+2),
of which the both elements are in the set {8‘+1; 8‘+2; 8‘+3}, and ab2 contains no
such a transposition. This is impossible because "  xes {8‘+1; 8‘+2; 8‘+3} setwise
and interchanges ab and ab
2
. If n=2‘+1; then "  xes {8‘+5; 8‘+6; 8‘+7} setwise
and interchanges ab and ab
2
. This is also impossible by an argument similar to the case
k = 2‘. Thus, |Aut(X )1|= 3, so that X is one-regular and Aut(X ) ∼= AnoZ3.
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